To determine the photon emission or absorption probability for a diatomic system in the context of the semiclassical approximation it is necessary to calculate the characteristic canonical oscillatory integral which has one or more saddle points. Integrals like that appear in a whole range of physical problems, e.g. the atom-atom and atom-surface scattering and various optical phenomena. A uniform approximation of the integral, based on the stationary phase method is proposed, where the integral with several saddle points is replaced by a sum of integrals each having only one or at most two real saddle points and is easily soluble. In this way we formally reduce the codimension in canonical integrals of "elementary catastrophes" with codimensions greater than 1. The validity of the proposed method was tested on examples of integrals with three saddle points ("cusp" catastrophe) and four saddle points ("swallow-tail" catastrophe).
Introduction
In the cuspoid case (one integration variable), the oscillatory integrals are usually written in the form 
where a = {a1, a2,…} is a set of parameters. As a varies as many as K+1 (real or complex) critical points of the smooth, real-valued phase function f can coalesce in clusters of two or more. The function g has a smooth amplitude. In what follows we denote 
fu = a [1] .
In the case of a single real critical point the integral () I a is in the leading order approximated by [2] 
where (2) 11 sgn( 
The leading-order uniform approximation in the case of the fold catastrophe is given by [4] ( ) ( ) 
where aa ) and enables analytical continuation from the region of real stationary points into the region of complex ones. The transitional approximation is given by [5] ( ) ( ) In order to obtain A(a) and b(a), a set of nonlinear equations has to be solved. These can be solved in principle, but there are, however, practical difficulties in attempting a solution [6] . On the other hand, away from b = 0 the canonical integrals can be approximated in terms of canonical integrals J  corresponding to lower-order catastrophes (i.e. J < K) [3, [6] [7] [8] [9] [10] [11] . The motivation to study these types of integrals originates from the investigation of optical spectra of diatomic molecules [5] . For example, in the semiclassical approximation the matrix element of the dipole moment () DR for the optical transition is proportional to the integral [12] ( )
The radial movement of atoms is described classically, ()
The phase function in the integral (6) is ( ) 
ft = , the method suggested in Section 2 of this paper is a good choice to calculate the integral in equation (6) .
In the following sections we propose a new procedure for the approximate evaluation of oscillatory integrals with several stationary points. 
The first derivative of this function, 
where the end points of the integration ,0 p u = − and 
, and
We define the integral , (
,, (
, which has an exact solution
Relation (8) can be written as:
, 
The relation (10) can be generalized to be valid for the case 0 m = as well:
So far, no approximation has been made. The relation (10) i fu a has a single extremum at the point e u and two real or complex saddle points, the integral is easily soluble using the approximate methods described in the introduction (equation (4)). If the phase ( ; ) i fu a is given by numerical points in the region where a complex pair of saddle points contributes to the integral, the analytical continuation of (5) can be used. The numerical accuracy of this method is determined by the accuracy of the leading-order uniform approximations (2) and (4).
Results
The method outlined in Section 2 was tested on three examples that are typical for the spectra of diatomic molecules. For simplicity we use the phase function given by the polynomial phase of the Thom's elementary catastrophe. The case when (1) 
ii ii
where From Figure 2 and 
Here the phase functions have the form 
We define the Airy approximation of the Pearcey integral as 
Paris obtained the asymptotic form of P(x,y) by considering its analytic continuation to arbitrary complex variables x and y [11] . In table 3. we compare some values of P(x,y) for large negative values of x when y = 2 and 4 to the asymptotic values [11] and the present work. Table 3 . Values of P(x,y) obtained for large negative values of x when y = 2 and 4 compared to the asymptotic values [11] and the present work.
Kaminski [10] rewrites (8) as a sum of two contour integrals, one of which has exactly two relevant coalescing saddle points. This allows him to apply a cubic transformation introduced by Chester, Friedman, and Ursell [13] and to construct a uniform asymptotic expansion of (7) as x → -∞ with δ varying in an interval containing 0. The leading-order approximation was already given by Connor [7] and Connor and Farrelly [8] . In Table 4 the values of ( , ) P x y are compared to Kaminski's results [10] and the approximation ( , )
A P x y at some points on the caustic Table 3, Table 4 , and Figure 4 we estimate that the difference of the approximation ( , )
A P x y and the exact values of ( , ) P x y is smaller than a few percent if the condition 22 4 xy + is satisfied.
Swallow-tail catastrophe (K = 3)
The swallow-tail canonical integral is defined by ( ) 
As a further example we consider a special case of the swallow-tail integral, i. e. ( ,0, ) S x z -the oddoid integral of the order two [14] . For the real x and y the function ( ,0, ) S x z is also real, and for the numerical evaluation the equation 
The condition (4) 
where We have shown that the original oscillatory integral can be exactly expressed as a sum of integrals, each having either one or at most two real stationary points. The construction of these integrals introduces new phase functions that are smooth (infinitely differentiable), but only a few first derivatives are continuous in a characteristic point. This means that the proposed method is limited to the leading term only (i.e. the integral is the same as the leading term plus the residue that cannot be further treated as in the standard application of asymptotic analysis and iterated to get an asymptotic expansion [2] ). However, the method has practical applications, especially in cases where the phase function (or its first derivative!) is tabulated.
The validity of the proposed method was tested on examples of integrals with three saddle points ("cusp" catastrophe) and four saddle points ("swallow-tail" catastrophe). The examples chosen are typical of the spectra of diatomic molecules, but the method described in this paper can be used for numerical computation of canonical integrals occurring in other physical fields as well, e.g. the propagation of electromagnetic, sound or fluid waves, and particularly within the semiclassical theory of atom-atom and atom-surface scattering, chemical reactions etc.
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